The Bach tensor and a vector which generates conformal symmetries allow a conserved 4-current to be defined. The Bach 4-current gives rise to a quasilocal 2-surface expression for power per luminosity distance in the Vaidya exterior of collapsing fluid interiors. This is interpreted in terms of entropy generation.
Introduction
Gravitational theory allows a conserved current J α EIN to be formed from the Einstein tensor with a symmetry generated by Killing vector k β :
The current J α EIN is conserved since the Einstein tensor is divergence-free and k β satisfies Killing's equation. In a similar fashion we define (1) where B αβ is the Bach tensor, a symmetric, divergence-free, trace-free tensor [1] [2] [3] [4] . ξ β is a generator of conformal maps which include Killing symmetry and homothety as special cases. J α BACH is conserved because the Bach tensor is divergence-free and the symmetrized covariant derivative of the conformal generator ξ β is ξ (α;β) = 2 (x ν )g αβ . Since the Bach tensor is trace-free it follows that B αβ ξ (α;β) vanishes. The Bach tensor is a second derivative of the Weyl tensor C αµβν plus a Ricci tensor term
For metrics with non-zero Bach tensor, we can think of B αβ (g) = κ weyl S αβ as the field equations of conformal Weyl gravity [5] , with symmetric S αβ analogous to T αβ of Einstein's theory. There exist superpotentials for J α EIN which lead to an Einstein mass by integrating the superpotential over 2-surface S 2 . Three of the superpotentials do not require a coordinate choice: the Komar potential [6] , the Penrose-Goldberg potential [7] and the Taub potential [8] . However, each of those three superpotentials is restricted to special systems. For more general potentials derived from the Hilbert action and pseudotensors, the Einstein energy is known to be ambiguously defined because it depends on the choice of background coordinates. Nevertheless, one may use the 2-surface construction to define sensible notions of total gravitational energy. Indeed, for asymptotic flatness, say, towards future null infinity I + , S 2 tends to a 'nice' cut of I + , a round 2-sphere. The (suitably unique) choice of asymptotically Cartesian coordinates ensures that the Einstein energy agrees with the accepted BondiSachs notion of total energy [9] within some quasilocal (i.e. finite) 2-surface S 2 . One of the first fundamental expositions of quasilocal mass (and angular momentum) was given by Penrose [10] . A more recent and well known treatment of quasilocal energy is the work of Brown et al [11] .
In this work we introduce the conserved Bach current as a tool, in general relativity, to study collapsing star models. In particular, we use the properties of the Bach tensor and Bach current to study collapsing spherical fluid interiors matched to a Vaidya exterior and analyse the power flow. ξ α generates a matter symmetry in the Vaidya exterior, weaker than conformal symmetry, but ξ (α;β) annihilates the Bach tensor and so the current is conserved. The volume integral of J α BACH leads to a 2-surface integral which provides a quasilocal value for the Vaidya power gradient. Covariant thermodynamics of irreversible systems is used to interpret the Bach current for the Vaidya exterior. The Vaidya power gradient is related to the rate of entropy increase and the number of states the energy resides in.
We can view a star model as a single state drawn from a microcanonical ensemble. The initial values of all the observables are at their equilibrium values (say, all zero), then, as a function of time, they will not remain exactly zero but will execute small fluctuations about their zero equilibrium values. The Vaidya exterior dissipates energy by sending 'short-wavelength photons' to null infinity. It is the Bach current and the rate of entropy increase that allows one, via the fluctuation-dissipation theorem, to measure the rate at which a deviation from equilibrium decays. 
Conventions and notation

In this work
Some properties of the Bach tensor
(a) A variational derivative of the Lagrangian density L = √ −gC αβγ δ C αβγ δ yields the Bach tensor
and the Lagrangian provides the field equation
Solutions of equation (4) are vacuum solutions of conformal Weyl gravity [5] .
(b) Kozameh et al [2] proved that any solution of equation (4) 
(e) Under conformal mapĝ αβ = 2 g αβ , the Bach tensor transforms asB αβ = B αβ .
The Vaidya spacetime
Vaidya interiors
The first Vaidya interior was constructed by Synge [13] . In that work an incoherent shell of radiation is joined to Vaidya. Santos [14] joined a collapsing fluid with radial heat flow to a Vaidya exterior. Glass [15] studied a two-fluid interior, a collapsing perfect fluid with an outgoing null fluid matched to a Vaidya exterior. Continuity of the first and second fundamental forms expressed conservation of momentum across the boundary and revealed the boundary to be the perfect fluid zero-pressure surface. This is the interior we have in mind to model the energy flow considered here. As the perfect fluid collapses, energy is removed by the null fluid. In the Vaidya exterior, the outgoing short-wavelength photons carry energy to future null infinity.
Vaidya exterior
The Vaidya metric in outgoing null coordinates, with arbitrary mass function m(u) and A := 1 − 2m(u)/r, is given by
We use a Newman-Penrose null tetrad:
with non-zero spin coefficients
The Weyl tensor is given in terms of a basis set of anti self-dual bivectors ( 2 = −m(u)/r 3 )
where
The Vaidya spacetime is Petrov type D and has the invariant relation
The Ricci and energy-momentum tensors are
The standard interpretation of the Vaidya energy flow was given by Lindquist et al [16] with respect to an observer at rest at future null infinity whose worldline tangent iŝ
The local energy flux f is
and the total luminosity seen at infinity is
Substitution of the Weyl tensor equation (9) and the Ricci tensor equation (12) into equation (2) yields the Bach tensor
The independent eigenvectors of B αβ (g
Vaidya conserved current
The 
The 4-current is more transparent when written in terms of curve tangents
and is similar to a conserved Maxwell current √ −gJ 
with
We integrate over a u = constant null 3-surface N :
where dS α = l α dr dϑ dϕ and ∂N is a closed 2-surface bounding N with dS αβ = l [α n β] dϑ dϕ. The integral of the Bach 'charge density' over ∂N provides the quasilocal Bach charge within ∂N , which here is the Vaidya luminosity divided by luminosity distance (and so we call it 'luminosity gradient')
where r ranges from the spacelike surface r = 2m to future null infinity.
Thermodynamic interpretation
The Eckart theory of dissipative fluids is the simplest relativistic generalization of NavierStokes theory, but Eckart's theory suffers from a lack of stable solutions and acausal propagation of perturbations. We will follow Calzetta [19] and use the framework of more causal and stable theories such as the Israel-Stewart 'second-order' type theory or the Geroch-Lindblom 'divergence type' description of a relativistic real fluid. A covariant theory has the following rules. The entropy current S α is given by
which is rewritten as
with affinity α = µ/T , thermodynamic potential α = pβ α , and inverse temperature vector β α =û α /T . N α = nû α , where n is the particle number density seen by a comoving observer. Suppose the fluid departs from equilibrium by a fluctuation δN α , δT αβ , consistent with the conservation laws but otherwise arbitrary. Then the change in entropy production is 
For a true equilibrium state the entropy must be stationary [20] , and so α ,α = β (β;α) = 0. Thus the affinity must be constant, and the inverse temperature vector must be Killing. 
wherein the Vaidya luminosity gradient appears. The logarithm of S measures the number of available states and we see here thatṁ/r provides a measure of the rate of change in the number of states.
Discussion
Luminosity is one of the key observations made of astrophysical objects (a mass-luminosity relation is an important feature of main sequence stars). Use of the Bach current to compute luminosity gradients provides a covariant method for obtaining an astrophysically important quantity. We have identified the luminosity gradient with entropy production in the Vaidya exterior. The Vaidya exterior dissipates energy by sending 'short-wavelength photons' to null infinity. For an equilibrium ensemble of star models, it is the Bach current and the rate of entropy increase that allows use of the fluctuation-dissipation theorem to measure the rate at which an initial deviation from equilibrium decays. A full development of dissipative thermodynamics using the Bach current requires analysing the collapsing Vaidya interior, which we leave for future work. The Vaidya spacetime is only a first approximation to interesting systems.
